In this paper, we discuss properties of the ω, q-Bernstein polynomials B 
Introduction
Let q > 0. For any non-negative integer k, the q-integer [k] q is defined by For integers k, n with 0 k n, the q-binomial coefficient is defined by
We also use the following standard notations: Clearly, n k q = (q; q) n (q; q) k (q; q) n−k .
In [11] , Phillips proposed the q-Bernstein polynomials: for each positive integer n, and f ∈ C[0, 1], the q-Bernstein polynomial of f is Note that for q = 1, B n,q (f, x) is the classical Bernstein polynomial B n (f, x):
In [4] , S. Lewanowicz are the basic ω, q-Bernstein polynomials. When ω = 0, we recover the q-Bernstein polynomials; when q = 1, we recover the classical Bernstein polynomials. In recent years, the q-Bernstein polynomials have been investigated intensively by a number of authors (see [3, 7, 8, [10] [11] [12] and references therein [13] [14] [15] [16] [17] ). However, there are very few works about the ω, q-Bernstein polynomials as far as we know, since the study of the ω, q-Bernstein polynomials is more difficult than that of the q-Bernstein polynomials. It should be mentioned here that various properties of the basic ω, q-Bernstein polynomials have been studied in [4] and [5] . Also, we can define the generalized Bézier curve and de Casteljau algorithm, which can be used for evaluating ω, q-Bernstein polynomials iteratively (see [4] ) and are very useful for computer-aided geometric design. In this paper, it is our main aim to investigate properties of convergence of the ω, q-Bernstein polynomials for ω, q ∈ (0, 1) or ω, q ∈ (1, ∞). Our results demonstrate that in general properties of convergence for the ω, qBernstein polynomials are very similar to those for the q-Bernstein polynomials but essentially different from those for the classical Bernstein polynomials.
Throughout the paper, we always assume that f is a continuous real function on In Section 3, we shall discuss some fundamental properties of the ω, q-Bernstein polynomials. According to the theory of approximation by positive linear operators (see [2, pp. 277-281] ), the moments B ω,q n (t r ; x) (r = 0, 1, 2) are of particular importance, so we shall compute the moments B ω,q n (t r ; x) (r = 0, 1, 2). Using the identity (see [ 
Statement of results

It
That is, 
It is easy to know that for each f
is a polynomial of degree n. However, if f is a polynomial, the following strong assertion holds:
Next we show when the function f is convex, the ω, q-Bernstein polynomials B ω,q n (f ; x) are monotonic in n for ω, q ∈ (0, 1) or ω, q ∈ (1, ∞), as in the classical case and in the case q ∈ (0, 1), ω = 0. The following theorem allows us to reduce the case ω, q > 1 to the case ω, q ∈ (0, 1). So, in the following section, we consider the case ω, q ∈ (0, 1) only.
In Section 4, we shall discuss properties of convergence for the ω, q-Bernstein polynomials. Based on Theorem 1, we have the following approximating theorem. 
where
The operators B ω,q
∞ (f ) are positive linear operators and are called the limit ω, q-Bernstein operators. When ω = 0, the limit ω, q-Bernstein operators reduce to the limit q-Bernstein operators (see [3, 7, 9, 13] ). From the q-binomial theorem (see [1, p . 488]), we know that
For f ∈ C[0, 1], t > 0, we define the modulus of continuity ω(f, t) and the second modulus of smoothness ω 2 (f, t) as follows:
The above estimate is sharp in the following sense of order: for each α, 0 < α 1, there exists a function f α (x) which belongs to the Lipschitz class
where c is an absolute constant.
Remark 2. From (2.14) we know that for each f
Remark 3.
Results similar to Theorems 6 and 7 for the q-Bernstein polynomials were obtained in [16] and [14] , respectively. Note that when f (x) = x 2 , we have
Hence, the estimate (2.13) is sharp in the following sense: the sequence √ q n in (2.13) cannot be replaced by any other sequence decreasing to zero more rapidly as n → ∞. However, (2.13) is not sharp for the Lipschitz class Lip α (α ∈ (0, 1]) in the sense of order. This, combining with Theorem 6, shows that in the case 0 < ω, q < 1, the modulus of continuity is more appropriate to describe the rate of convergence for the ω, q-Bernstein polynomials than the second modulus of smoothness. 
Remark 5.
The constant c in (2.13) is an absolute constant and does not depend on q, however, the constant C q in (2.11) depends on q, and tends to +∞ as q → 1−. Hence, (2.13) does not follow from (2.11).
In Section 5, we shall discuss properties of the limit ω, q-Bernstein
is a polynomial of degree m. We show the following strong assertion.
Let ω, q ∈ (0, 1) be fixed. We want to describe the class of continuous functions satisfying the condition
We know that the limit ω, q-Bernstein operators are positive linear operators on C[0, 1] and reproduce linear functions. Also from Theorem 1 and Remark 2, we get
We show the following result. 
Proofs of Theorems 1-4
Proof of Theorem 1. First we prove the following recurrence formula:
From [4, Eq. (2.1)], we have
Thus, 
Using (2.2), (2.3) and u
which means (2.5) is true for n = 2. Assume (2.5) holds for a certain n. Then by (3.1) and induction assumption, we get
which proves Theorem 1. 2
Proof of Theorem 2.
Denote by Π n the space of polynomials of degree n. Obviously, B ω,q n n (f ; x) ∈ Π n for all f ∈ C[0, 1] and B ω,q n n (t r ; x) ∈ Π r for r = 0, 1 by (2.4), so it suffices to prove the statement that B ω,q n n (t r ; x) ∈ Π r for 1 < r < n. We use induction on n. Let us suppose that the statement is true for n r, that is, B ω,q n (t k ; x) ∈ Π k for k n. Then, for 1 < r < n + 1, by the definition of B ω,q n n+1 (t r ; x) and (3.2), we get that 
is r + 1, we get the polynomials B 
We have
. It suffices to show that each a i is nonnegative.
. Then 
Let us put u = 1/ω
we get by (1.2)
The proof of Theorem 4 is complete. 2
Proofs of Theorems 5-7
Proof of Theorem 5. Since the ω, q-Bernstein operators B ω,q n n are positive linear operators and reproduce linear functions, the well-known Korovkin theorem (see [2, pp. 8-9] 
From Theorem 1, we get
Hence, (4.1) is equivalent to the condition lim n→∞ [n] q n = ∞, which is equivalent to the condition lim n→∞ q n = 1 (see [13] ). Theorem 5 is proved. 2
Proof of Theorem 6. The proof is similar to the one of Theorem 1 in [16] . It follows directly from (2.1) and (2.8) that
Hence for all x ∈ (0, 1), by (1.1), (2.8), (2.2) and (2.10) we know that
First we estimate I 1 , I 3 . Since
we get 
Using the inequality (see [15] ) 
Using (4.6)-(4.8) and the property of modulus of continuity (see [6, p. 20 
From (4.4), (4.5), and (4.9), we conclude that
where C q = 2 + In order to prove Theorem 7, we need the following result (see [14] ): 
The sequence (L n (f, x)) n 1 is non-increasing for any convex function f and for any x ∈ [0, 1].
Then there exists an operator
Proof of Theorem 7. From Theorem 3, we know that the ω, q-Bernstein operators satisfy condition (B). From Theorem 6 we know that for ω, q ∈ (0, 1),
Also, by (2.5) and (2.15), we get
and sup 0<ω,q<1
Theorem 7 follows from (4.11), (4.12), and (4.10). 2
Proofs of Theorems 8-10
Proof of Theorem 8. It suffices to prove the statement that B 
By (2.8) and (2.9) we get 
